Introduction
The spherical near-field (NF) antenna measurement technique [1] is an indispensable tool for the antenna community. NF samples are almost always collected over a truncated spherical surface, 0 < θ 1 ≤ θ ≤ θ 2 < π and 0 < φ 1 ≤ φ ≤ φ 2 < 2π. Because only truncated NF samples are available, computed far-field (FF) values suffer from truncation errors: accurate FF values can be determined only over θ 3 ≤ θ ≤ θ 4 and φ 3 ≤ φ ≤ φ 4 , where θ 3 > θ 1 , θ 4 < θ 2 , φ 3 > φ 1 and φ 4 < φ 2 .
We discussed in [2] for 2D cylindrical/spherical NF scanning how the truncation error is caused by the non-orthogonality over a truncated domain of the multipole field used to expand scan data. We further showed in [2] that truncated NF data can be expanded accurately using the Slepian sequence [3] that is constructed to be orthogonal over a given truncated domain and derived a NF-to-FF transformation of the resulting expansion coefficients. We showed that compared with the classical NF-to-FF transformation, this new transformation reduces the truncation error significantly. In this paper we extend the approach used in [2] to 3D acoustic spherical NF scanning.
Truncation errors
The radiated/scattered field, Φ(r, θ, φ), may be expanded in terms of multipoles,
where h l (kr) is the spherical Hankel function of order l; k, the wavenumber; Y l,m (θ, φ), the spherical harmonic function of degree l and order m; and L = int(ka o ) + n o with n o , a small integer and a o , the radius of the minimum sphere of the antenna/target under test. If NF samples are collected over the entire spherical surface at an appropriate sampling rate, the expansion coefficients, b l,m , can be determined using the orthonormality of Y l,m (θ, φ) over 0 ≤ θ ≤ π and 0 ≤ φ < 2π and Φ(r, θ, φ) can be determined anywhere r > a o . However, if NF samples are collected over a truncated spherical surface, then it is customary to compute the expansion coefficients,b l,m , using the truncated scan data,
Since b l,m =b l,m ,Φ(r, θ, φ) computed fromb l,m is not expected to agree with Φ(r, θ, φ) computed from b l,m over the entire angular region. Using (1) and (2), we may expressΦ(r, θ, φ) in terms of the truncated scan data, Φ(a, θ, φ),
where
) was referred to as the taper function in [4] . It determines the angular extent of the NF data that are required to computeΦ(r, θ, φ) and thus the extent of the truncation error. As a → ∞, |T L (∞, a; θ, θ , φ−φ )| is sharply peaked at (θ, φ) and thus no truncation error results. However, as a gets smaller, |T L (∞, a; θ, θ , φ−φ )| develops a broad plateau around (θ, φ), leading to truncation errors [2] .
Slepian sequence for a truncated spherical surface
Since it is the non-orthogonality of Y l,m (θ, φ) over a truncated spherical surface that leads tob l,m = b l,m , we may seek a basis function set that is orthogonal over the truncated angular domain. Following the procedure outlined in [3] , we are interested in finding a basis function set for Φ(a, θ, φ) that results in the maximum concentration of "energy" over the truncated surface, which is defined as
Using (1), the above equation may be written as l ,m (θ 1 , θ 2 , φ 1 , φ 2 ). Let v n and λ n be the nth eigenvector and eigenvalue of K so that Kv n = λ n v n . Or
and Λ is the diagonal matrix with Λ nn = λ n . Since S(a;θ 1 ,θ 2 ,φ 1 ,φ 2 ) is always positive, K is a positive-definite matrix. As a consequence, V is a real matrix with V
. We may use v n to construct an expansion function set that is orthogonal over the truncated angular domain. We define
where v l,m (l , m ) is the n th element of v n with n = l 2 +l+m+1 and n = l 2 +l +m +1. s l,m (θ, φ) may be regarded as the Slepian sequence [3] for the truncated angular surface. Using (6), one may show s l,m (θ, φ) are orthogonal over the truncated domain
which shows that λ l,m physically corresponds to the concentration of s l,m (θ, φ) over the truncated angular domain.
NF-to-FF transformation using the Slepian sequence
We may expand the NF scan data, Φ(a, θ, φ), using s n (θ, φ) where n is related to (l, m) through the formula given above.
where d P (a) and s(θ, φ) are the column vectors containing the P values of d n (a) and s n (θ, φ) respectively with P ≤ (L+1) 2 . Using (8),
We may show using (1), (6) and (7) that d n (a) is related tob l,m through
whereb is the column vector containing the (L+1) 2 values ofb l,m ; V P is the (L+1) 2 ×P matrix obtained by taking the first P columns of V ; and H(ka o ) is the diagonal matrix of order (L+1) 2 whose diagonal entries are h l (ka o ). Since V T P V P = I P and V P V T P = I P unless P = (L+1) 2 with I P being the identity matrix of order P , V P is the pseudo-inverse of V T P and we obtain the least-square solution forb,
Substitution of (12) to (11) yields the NF-to-FF transformation for d P (a)
where H(kr, ka o ) is the diagonal matrix of order (L+1) 2 whose diagonal entries are h l (kr)/h l (ka o ). FF values can be computed either using (12) and (1) or using (13) and (9).
Numerical Validation
We consider bistatic scattering by a 3.5λ-radius acoustic sphere that is illuminated by a plane wave propagating in the negative x-direction. Scattered However, compared with the solution computed from the infinite-SNR scan data using the classical algorithm (dashed line), the solution computed from the 40 dB SNR data using the new algorithm agrees with the reference solution over a wider range of θ.
Conclusion
We have considered truncation-error reduction for acoustic spherical NF scanning. Specifically, we have discussed the expansion of truncated NF scan data in terms of the Slepian sequence that is constructed to be orthogonal over a given truncated spherical surface and have derived a NF-to-FF transformation for the resulting expansion coefficients. Numerical experiments have shown that compared with the classical algorithm this new algorithm, albeit computationally more demanding, significantly reduces the FF solution error that results when NF data is truncated.
